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Po3po6rieHo MemooO BU3HaYEHHSI PO3B’A3KIB
CMOXacmu4HUX PIBHSIHb Y hiHaHCOBUX MoOe-
15X 07151 3a0aHux epaHu4Hux ymos. Memod
IpyHmMyemsCcsi Ha pisHAHHI  ®Pokkepa-TnaHka
0715 2ycmuHU yMOBHOI' UiMOBIpHOCMI, WO Biorno-
Bi0ae cmMoxacmu4HoMy PiBHSIHHIO. [106y0o8aHi
pO38'A3KU O/151 2YCMUHU YMOBHOI UMOBipHOCMI
Ha 2paHuysix 3adoBO/IbHSIOMb  Hy/IbOBOMY
rnomoky mosipHocmi.  LLiasixom  BiOroBIOHOK
niocmaHosKu 3adada 3sedeHa 00 M06ydoBU
po38'si3KiB 3 2paHU4HoO yMoso HeliMaHa,
07151 4020 BUKOpUCMaHi BidOMi Memodu Mame-
MamuyHoi  ¢hi3uku. PosensHymul  aseopumm
rpodeMoHcmpoBsaHuli  Ha rnpukiadi  Modesi
Bawesibe 05151 YiHu akyjii. BusHayeHa yiHu espo-
relicbko20 OMyioHy murty Ko/1, IPOBeAeHO ropis-
HSIHHS 3 BIOOMUM pe3y/1bmaimom.

KntouoBi cnoBa: 6poyHiscbKull pyx, cmoxac-
MUYHI  PiBHSIHHSI, PIBHSIHHS ®okkepa-IiaHka,
Mooesnb balesbe, yiHa OnyioHy.

PaspabomaH memod orpeodesieHusi peweHuli
cmoxacmuyeckux ypasHeHull 8 (hUHaHCOBbIX
MOOes1siX 07151 3a0aHHbIX 2paHUYHbIX YCA0BUU.
Memoo ocHosaH Ha ypasHeHuu dokkepa-
MnaHka 05151 nomHocmu ycsio8Hol Beposim-
HOCMu, 4mo coomsemcmsyem cmoxacmu-
4eckoll ypasHeHuto. 1ocmpoeHHble pelueHust
0719 M/IOMHOCMU  YC/108HOU BEPOSIMHOCMU Ha
2paHuyax yoosnemsopsitom Hy/1e80My MOMOKY
sepossimHocmu. ymem coomsemcmayroujedi
nodcmaHoBKu 3adada csedeHa K MoCMPOEHU

peweHull ¢ epaHu4HbIM ycrosuem HelivaHa,
07151 Yeeo UCM0/b308aHb! U3BECMHbIE MEMOOk!
Mamemamuyeckoli hu3uKU. PaccMompeHHbIl
a/120pumm  NPOOEMOHCMPUPOBaH Ha npumepe
modenu Bawesbe 0715 yeHsl akyuu. Orpede-
JIeHHa UeHa esporielicko2o onyuoHa mura Ko/,
MpoBedeHO CpasHEeHUe C U3BECMHbIM pe3y/ib-
mamom.

KnioueBble cnoBa: 6pOYyHOBCKOE OBUXEHUE,
cmoxacmuyeckue ypasHeHUs, ypasHeHus1 ok-
Kkepa-lnaHka, modesb bawesbe, yeHa onyu-
OHa.

A method of determination of solutions of sto-
chastic equation in financial models with a
given boundary conditions was developed. The
method is based on Fokker—Planck equation for
conditional probability density that corresponds
to stochastic equation. The built solutions for con-
ditional probability density satisfy zero probability
flow at the boundaries. By means of substitution
the problem was reduced to building solutions
with Neumann boundary condition for which
a well-known methods of mathematical phys-
ics were used. The algorithm considered here
is demonstrated on the example of Bachelier
model for assets pricing. The European option
call prices was etermined. Comparisons with a
known results were carried out.

Key words: Brownian motion, stochastic equa-
tions, Fokker—Planck equation, Bachelier model,
option price.

MoctaHoBKa npo6nemun. CToOXacTUYHi PIBHAHHA
BifirpaloTb CbOroAHI LiEHTpasibHy Posb Y MOAEsto-
BaHHi LIHOYTBOPEHHA Pi3HOMaHITHUX DiHAHCOBUX
IHCTPYMEHTIB: aKTUBIB, UiHHWX nanepiB, NOXigHUX
(piHAHCOBUX [HCTPYMEHTIB Ta iHWKX iHAHCOBUX
nokasHukis [1-3]. BnepLue ctoxacTnyHa Mogenb anHa-
MIKM LiHM akLjiid, WO I'pyHTyBaacb Ha 6pOYHIBCbKOMY
pyci, 6yna nobygosaHa bawenbe [1]. Ha ii OCHOBI
Bawenbe BMBIB hopMyny Ans LiHW onuioHy. MpoTte
mMogeni bawenbe nputamaHHWin CyTTEBUI HELOMIK —
LiHa akLii MoXe HabyBaTK Bifj EMHMX 3HAYEHD, L0 HE
BiMNOBIJAE EKOHOMIYHOMY 3MICTY. HacTynHuin Baxnu-
BWI KPOK y CTOXacCTUYHOMY MOAE/IOBaHHI UiH (hiHaH-
COBMX aKTMBIB b6yB 3p06neHunin CamyenbcoHom [1; 2],
AKWIA 3aNponoHyBaB MOAENb reOMETPUYHOrO (EKOHO-
MiYHOro) 6poyHiBCbKoro pyxy. Ha ocHoBi mogeni reo-
METPUYHOIO 6poyHiBCbKOro pyxy bnek i Woyn3 Big-
Kpuan popmMyny LiHW onujioHis [1-3].

Mopanblunii pO3BUTOK CTOXACTUYHOTO MOLENHO-
BaHHA OyB MOB’A3aHWl 3 y3arasibHEHHAM Mogeni
bneka-lLloynsa [1]. CTOXaCTU4Hi PiBHSAHHS 3acTOCO-
BYBaJIMCb TaKOX A1 MOAE/OBAHHSA NPOLEHTHUX CTa-
BOK, YaCOBOT CTPYKTYpU A0XigHOCTI obnirauin [1; 3-5].
Psoy mogeneii npyutamaHHi Ti XX HegOoNiKK, Wo i mogeni
Bawenbe — BuNagkoBa 3MiHHa MOXe HabyBaTu
Bifl'EMHMX 3HAYEHb, IO HE Y3rofKyeTbCsi 3 EKOHOMIY-
HUM 3MICTOM (PiHAHCOBOTO MOKa3HUKa. Y 3a3HayeHux
BMNaZKax BUHMKae notpeba y nobyaoBi po3B’s3kiB
3 0OMEXEHHSIMW Ha rpaHunui HeLONyCTUMUX 3HAYEHb

3MiHHOT, TOBTO O6GMEXEHHAM A0NyCTUMOI 06nacTi.
B iHWK1X 3agavax Ans Bigomux mogeneii icHye Heob-
XiHICTb NOLLYKY PO3B’A3KiB, WO BignoBigaTb AojaT-
KOBVM 30BHILUHIM YMOBaM.

AHani3 ocTaHHiX gocnigKeHb i nyGaikayii.
3 Toro yvacy sk bawenbe, a 3Ha4yHO NisHiwe bBnek
i Woyn3 otpumanun coopmMmynn Ans OuiHKKM BapTOCTI
onuioHis [1; 2], BigbyBCcA PO3BUTOK Ta BOOCKOHA-
NIEeHHA 3a3HayeHux mogenein. 3okpema y mopgeni
Bawens’e i moaeni reoMeTpMYHOro GPOYHIBCLKOTO
pYyXy BOMATWU/BHICTb LiHW aKTUBY € CTasli BENTMUNHN.
B pesynbraTi BUHUKMIA YmMana KisibkicTe MOAesnen,
e 3MiHa BONaTU/IbHOCTI TaKoX 3a[a€eTbCA CTOXac-
TUYHUMU PIBHSHHAMKM. Tak, y Bigomiii mogeni lec-
TOHa [1; 6] BONATUNbLHICTL ONUCYETLCA CTOXaCTUY-
HUM npouecom dennepa, posrNALAETLCA TakoxX
npouec OpHwTeliHa-YneHbeka an1a gnHamikm Bona-
TUNbHOCTI [7]. CTOXacTU4YHi mMogeni BUKOPUCTOBY-
HOTbCA TaKOX A1 ONUCY NPOLEHTHUX CTaBOokK, Noby-
[OBU 4acOBOI CTPYKTYpM AOXiAHOCTI 06nirauii [1; 4;
5]. Hain6inbw Bigomi cepep, HUX — moaeni MepToHa
(ekBiBasieHTHa mogeni ballenbe), Baciueka (eksi-
BasieHTHa Mogeni OpuwTeiiHa-YneH6eka), moaesb
Kokca—IHrepconna—Pocca (ekBiBaneHTHa npotecy
®ennepa) Ta pag iHwux [1]. Mogens bawense ana
LiHK obnirauii Ta mogenb MepToHa ANs MNPOLEHT-
HOT CTaBKM BUPI3HAIOTLCSA CBOEK NpocToToto. MNogi-
6HO 5K i ans mogeni bawense, BUNagkoBa 3MiHHa
mMogeni MepToHa HabyBa€e Bif €éMHUX 3HA4YEHb, IO
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TakoX He Y3roMKyeTbCa 3i 3MICTOM NPOLEHTHOT
CTaBKMW.

MoctaHoBKa 3apadvi. Sk MU BXe 3asHavyanu,
y P4l CTOXacTUYHUX (PiHAHCOBMX Mogenei Bunaj-
KoBa 3MiHHa HabyBa€ Bif'€EMHUX 3HA4Y€Hb, WO He
Ma€E EKOHOMIYHOro 3micTy. OgHMM i3 cnocobiB ycy-
HEHHSI UbOro HeAoniky — 3aBAaHHS 0OMEXEHHSI Ha
06nacTb BU3HAUYEHHS BUNAAKOBOT 3MiHHOI. [JOCATHYTU
LbOro MOXHa 3a [J0MNOMOroH BBEAEHHS A0AATKOBUX
30BHILLHIX FPaHNUYHMX YMOB ANs1 CTOXACTUYHUX piB-
HAHb. [poTe rpaHnYHi yMOBU 40BOAI CK1aAHO 3acTo-
COBYBaTW Yy BMMaAKy CaMuX CTOXaCTUYHUX PIBHSHb,
6isTbLL 3PYYHVM € BUKOPUCTaHHS PiBHAHHA ®okkepa —
MnaHka NS rycTHU YMOBHOT MMOBIpHOCTI. Togi rpa-
HWYHIA YMOBI BignoBsigaTmMe Hy/fIbOBWUIA NOTIK AMOBIp-
HoCTi [8, 9], Wo obmexyBaTMmMe 06/1aCTb BU3HAYEHHSA
3MiHHOT Mogeni. B aaHiii po6oTi Ha npuknaai mogeni
Bawenbe onsA UiHM akuii MM NPOAEMOHCTPYEMO CNOo-
ci6 o6MeXeHHA Ana mogeni, Ae 3MiHHa BenmyuMHa
HabyBae€ nuile f0AaTHUX 3HaYEeHb.

Buknag 0OCHOBHOro martepiasny.

FpaHN4YHi yMOBM AN CTOXaCTUYHUX PIBHAHb

Po3rnaHemMo cToXxacTUYHe PIBHAHHA AMHaMIKU
LiHX (hiHAHCOBOIO akTUBY BUNSALY

dsS =u(S)dt+o(S)dW(¢). Q)

TyT u(S) — BU3Ha4ae gpeid LiHu, o(S) — BU3HaYae
I gucnepcito (BoNaTUBHICTL), AKi MOXYTb 3as1exartu
Takox Big 3MiHHOI mMogeni. BennunHa dW(t), y pis-
HSIHHI (1) 3a4ae CTaHOAPTHUIA BIHEPIBCbKMIA Mpouec
[1; 8], siKMi1 BU3HAYAOTLCA XapakTepucTiKamu:

dW )y =0, (dW(t)*) =dt.

TyT ycepefHEHHS NPOBOAUTLCA 3a BCiMa MOX/U-
BMMU peanizauisMy BiHepiBCbKOro rnpouecy.

Ak Bigomo [1; 8], cToxaCTMYHOMY PiBHAHHIO (1)
Bignosigae piBHAHHA Pokkepa-lnaHka An1a ryCTUHK
nmoBipHocTi P(S, t)

OP(S,t) N ou(S)P(S,0) 1 0’0 (S)P(S,1) ~0.(2)

t oS 2 as? '

PiBHSIHHIO (2) 3a10BOJIbHSE TAKOX IYCTMHA YMOB-
Hoi iMoBIpHOCTI MN(S, ¢, S,)

P(S,1) = [TI(S,1,S,) P(S,)dS,, ©)

D . . “
ae P(S,) — ryctuHa MMOBIPHOCTI Yy No4aTKOBUIA
MOMeEHT yacy t =0
IHTerpyBaHHsA y (3) BigbyBa€eTbCcA Ha BCiil 06nacTi
BM3HAYEHHA 3MiHHOT S. AK BigoMo [8; 9], piBHSHHSA
(2) moxHa 3anucaTn TakoX y BUrNAgi 36epexeHHs
NOTOKY I AMoBIpHOCTI J(S, 1)
OP(S,t) N aJ(S,t) —0. @)
t oS
ae J(S, t) Bu3HavaeTbCs BVIpa3OM

J(S.6) = u(S)P(S.£) - 1 % (5)

3 YyMOBM HOPMYBaHHS IMMOBIPHOCTI BUNMBAE,
O NOTiK AMOBIPHOCTI Ha rpaHvuax obnacTi gopis-
HIoe Hynto. Lis ymoBa 6yfe BukopucTaHa Hamu gns
BBEAEHHS 0OMeEXeHb Ha 06/1aCTb BM3HAYEHHS 3MiH-
HOI CTOXacTUYHOI Mogeni. A came, MOLUYK pPO3B’A3KIB
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mogerni (1), ki 06MexeHi Ha rpaHuLi G, 34ilCHI0ETLCS
3a YMOBW PIBHOCTI Hy/l0 MOTOKY J(Sg, f) = 0 Ha Ll
rpaHuLi. HeBaxkko nokasaTu [8], L0 BUKOHYOUN Y piB-
HAHHI J(Sg, f) = 0 3amiHy:

P(S,0) = exp(p(SHE(5,1),
p(5)=2[UO-BEB®) g -

2

ansa dyHkuii P(S, t) Ha rpaHuui G BUKOHYyBaTK-
mMeTbcsa ymoBa HelimaHa 0P ,(Sg, t) = 0. B pesynb-
Tati nobygoBa poO3B'A3KIB PIBHAHHA (2) 3 gogar-
KOBUMW  TpaHWYHMMK  ymMOBaMu  3BefeTbCcA [0
nobynosu po3B’sA3kiB P,(S, f), WO 3a40BOJbHAKTH
ymoBi HelimaHa Ha Uil rpaHuui. A8 nobyaoBu Takmx
po3B’saskiB P(S, t) 3py4yHO BMKOpUCTATU METOAM PO3-
BMHYTI Y 3aga4yax maremaTtuyHoi isvku [10; 11].

Mopgenb ballenbe 3 06MeXeHHAM (S > 0)

CroxacTnyHa anHamika LiHy akuii y mogeni bawe-
NbE 3a0a€TbCA PIBHAHHAM [1]:

dS = udt + o dW(t). (1)
e u, o — cTasli BeNIYmHM.

CtoxacTnuHe piBHAHHA (7)
po3B'A30K [1]

Ma€e HacTymHWUiA

S()=8,+ut+ow(), (8)
he S, — 3HauYeHHs LjiHM akuii B MOMeHT Yacy t =0
BBaXaeTbCsi Takox, Wwo W(0) = 0. OueBnAHO, 3MiHHa
S(t) y (8) moxe HabyBaTy 3Ha4eHb Ha BCil MHOXMWHI
aincHux uncen S(f) € R. Ha ocHoBi po3B’asky (8)
3Hangemo, Wo uiHa akuii S(f) B MOMEHT 4Yacy t Hop-
MasiIbHO pOo3nofifieHa 3 HaCTYNHUMUW XapakTepucTu-
Kamu:

(S(t)) =8, + ut; o(t) = vit. 9)
B pesynbrarti rycTuHy yMOBHOI MOBIPHOCTI poO3-
noAiy BUNaaKoBOI BEMNYMHU S 3anvLwemo y BUrIagi

- exp{ 7(S S 'Ut)z} (10)
N2rott 2 o't

Ha ocHosi (10) 3Hangemo MMOBIPHICTb TOrO, LLO
BMMNagKoBa BenMuMHa S B MOMEHT 4acy t HabyBae
Bi g’ €EMHMNX 3Haqub

S(t)
P, ()= IP(StS)dS— [ efu_a(Z)B

O‘-IeBVI,CI,HO, LLLO AMOBIPHICTb Pg, () 3pocTatume i3
36i/IbLLUEHHAM BONATUNBHOCTI ¢ | 3MEHLLEHHAM napa-
MeTpa y. 3p0o3yMino, WO cepefHi 3Ha4YeHHA LiHOBUX
XapaKTePUCTUK akLiil € 3BaXXEHUMU BEMYMHAMU SK
[OofaTHUX Tak | Big' €éMHUX 3Ha4Y€eHb 3MIHHOT S. AK Mun
BX€ 3a3Havanu, mogenb Tuny (7) 4acto BUKOPUCTO-
BYETbCS Y PI3HUX AOCMNIMKEHHSIX Yepe3 Ti NpocToTy.
30Kpema, Taky XX MOAesb 3acTOCOBYHOTb A1 Moge-
NOBaHHA AMHaMIKW NPOLEHTHUX CTaBOK, A€ BOHa
HOCUTb Ha3By mogeni MeprtoHa [1].

MycTuHy yMOBHOI liMoBipHOCTI M1(S, t, S,) (3), Thy-
MadaTb TakKOX $sIK TyCTMHY WMOBIPHOCTI nepexoay
3 TOUKM (S, 0) B TOUKy (S, 1) [8; 9]. 3 MeTow noLUykKy
HeoObXiAHWX PO3B’'A3KIB HABEAEMO P NepeTBOPEHHS
ONS TyCTUHW MMOBIPHOCTI P(S, t), Ha OCHOBI SIKMX 3Ha-

H(S’t’SO)
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noemo po3B’sA30K A5 TYCTUHWM YMOBHOI AMOBIPHOCTI
Mn(s, t, S,) 3 rpaHMYHO YMOBOLO.

OTxe, nigcraenatoum napameTtpu mogeni (7) y pis-
HSAHHS (2), OTpUMaEMO

OP(S,1) , , OP(S:0) 1 s 8>P(S,1)

= =0. (11)

ot oS 2 oS
HacTynHMM KpOKOM Y PiBHSHHI (11) BMKOHAEMO
3aMmiHy

P(S.1) = exp| 2 /‘ZS )PV(S, 0, (12)
o
e dyHkuia P (S, t) 3a4,0BONbHAE PiBHAHHSA
2
OP(St) _ OP(S:) 1 2 0R(S.D o (1g

ot oS 2
AK MU 3a3Hadanu paHiwe (ame. dopmyny (6))

Ha OCHOBI pO3B'A3kKy P.(S, ) 6yayeTbca pO3B’A30K
3 rpaHu4yHoO ymoBOK HeimaHa B Touui S = O.
Tofi po3B'a3ok P(S, t) 6yae 3a[0BONBHATU HY/bO-
BOMY MOTOKY B TouLi S =0, Lo BiANOBiAHO 0OMexXyBa-
TMMe 06/11acTb BM3HAYEHHS 3MIHHOT Yy Mogeni bawle-
nee gna S > 0.

[nsa nowyky 3a3HavyeHoro po3s’'sasky P(S, t) 3aiii-
CHMMO psif, NepeTBOPEHb Y piBHSHHI (13). Cnouvatky
YCYHEMO [OAaHOK 3 MepLuoo NnoxigHow 3a Sy pis-
HSAHHI (13) 32 A0MNOMOroH 3aMiHu:

F(8,1) = F(S,0)R(S,1);

F(S,t)=exp —’u—f— ’uzt]- (14)
o 20
dyHKUis P, (S, t) 3a40BONbHSE Take PiBHSAHHSA
2
BE.N_1aFRE0 o g

ot 2 oS?

OTpuMaHe piBHAHHA (15) BigoMe y maTeMaTtunyHii

disnyi i onucye nowmpeHHs Tenna [8; 9]. Bigomuii

po3B’a30k ,(S, t, Sy) 3a4a4i Kowi Ans Lboro piBHAHHA

3 nouarkosot ymosot I1,(S,2,8,)——=;—>0(S - S,),

AKMA HOCUTb Has3By (hyHAAMEHTA/IbHOTO PO3B’A3KY.

dyHkuia MM,(S, t, Sy;) € TakoxX QyHKuUie piHa piB-

HAHHS (15) | BU3HAYaETLCA HACTYNHUM Bl/lp2a3OM [8]

_ 1 _ (S B So) . 16

IT,(S,t,S,) @exp( o (16)

HaBeneHwuii po3B’sI30K 3a4aHuii Ha ycii oci S € R

i 32/10BOMbHSIE TPAHUYHM YMOBaM Ha HECKIHYEHOCTI

IT,(S,¢,t00) =11, (£0,¢,5,) =0.
Ha ocHoBi N,(S, t, S,;) oTpMaeEMO oyHKLUitO piHa
dhyHkuito M,(S, t, Sy) Ana piBHAHHA (13):

I1,(S,t,8,) = F(S,OI1,(S,t,S)F ' (S,):

_ 2
1 exp (S-S, +ut) j’(ﬂ)
N27zolt

20t

a TakoX OTPMMAEMO 3B’A30K 3 NYCTMHOK YMOBHOI
nmoBipHocTi M,(S, t, S,) (Takox qoyHKLUieto piHa piB-
HAHHA (11))

T1(S,£,S,) = exp(zﬂzS JHV(S,t,SO) exp[— 215, ) (18)
o o

3aicHiooum nigctaHoBky (17) y (18) oTpymaemo
_ _ 2
H(S,t,SO): _M . (19)
20°t
3po3ymisio, WO pPO3B’SA30K CniBMagae 3 Haeefe-
HuUM y (10). Mopsag 3 uum mu BU3HauunmM MN(S, t, S,),

nv(SataSO) =

ex
> CXP)

Ha OCHOBI SIKOro NO6yAYEMO PO3B’A30K 3 FPaHNYHOI0
ymoBoto HeinmaHay S = 0.

3aranbHuin cnocid NobyaoBKM TakMx PO3B’A3KiB AN
oyHKUiV [piHa piBHAHHA LpeaiHrepa pos3rnsHyTWi
y [10; 11]. Ak Bigomo, piBHAHHA LpepiHrepa 3BO-
ONTbCA [0 piBHAHHA ®okkepa-lNnaHka BBeAEHHAM
YABHOTO Yacy, TOMy pe3ynbTaTyi oTpumaHi ans yHk-
uiri MpiHa Nerko NepeHocATbCA Ha BUNALOK FYCTUHU
YMOBHOI iMOBIpHOCTI [9; 12].

[na 3acTtocyBaHHA 3a3HauyeHoro meTtofy Heob-
XiOHO 3HalTW nepeTBOPeHHs Jlannaca 3a 4acoBOH
3MiHHOW Big M,(S, t, Sy)

©

K,(S,5,5,) = IHV(S,t, S,)edr. (20)
0

BesnocepegHim iHTerpyBaHHsi y (20) oTprmaemo
[13] 306paxeHHs MMannaca K (S, s, S,)

2 2
exp[(S -5, )V,u-I—ZSO'—y} §<8,;

2
o

2 2 '

—(s-5, VM +250" +p . §>8,.
2
c

K, (S,s,8,) = (21)

exp

[ani Ha OcHOBI 3HalifeHOro 306paxeHHs Moby-
OyeEMO  DyHKUO KVN(S,S,SO), WO 3a00BOJIbHAE
ymoBi HelimaHa y Touli S = 0 (6SKVN(S,S,SO)|S_O).
LykaHa chyHKLis KVN (S,s,S,) byne cymoro BVIXi,EI,I_-ioT
KVN(S,S,SO) Ta cknagoBoi nobynoBaHoi 3a MEeBHUM
npasunom [10; 11] Ha ocHoBi K, (S, s, S,). B pe3ynb-
Tati gnst K (S,s,S,) 3anuwemo:

K"(S,s,8,)=K,(S,s,5,)— AK (S,s,S,),
oK, (S,5,0)0K, (0,s,5,)
0’K, 5, 5(0,5,0) '

Y uucenbHuky copmynmn (23) NPUCYTHI MOXigHi
nepLuoro nopsagky 3a Si S, B Toukax S, S, = 0, y 3Ha-
MEHHUKY — MoXigHa Apyroro nopsiaky 3a Si S, B To4-
Kax S, S, = 0. NobyaoBaHe TakumM YMHOM 306paKEHHS
Nannaca KVN(S,S,SO) rYCTUHW YMOBHOI AMOBIpPHOCTI
3a/10Bo/IbHSE yMOBI HelimaHa B Touui S = 0 i BU3Ha-

yeHe Ha niBoci S, S, > 0. be3nocepegHiM 06UMCNEH-
HSIM Ha OocHoBI chopmyn (21) i (23) 3Hangemo

(,u—\/,uz +2s0'2) o
\/,uz +2s0° (,u+\/,u2 +2s02) (24

2 2
x exp[— (S-S5, )g —(5+8, )—V“”SUJ

(22)

AK (S,s,S,) = (23)

AK(S,s,S,) =

2
(oa

Toai 306paxeHHs Jlannaca Ki(S, s, S,) 3HailaeHe
Ha ocHoBi K (S,s,S,)

KJ(S7S’SO) = exp[zﬂZSjKliv(SssaSO)exp(_ 2;1;5‘0) (25)
O o
3a/10BOJIbHSIE YMOBY PIBHOCTI HY/K0 MOTOKY AMO-
BipHOCTI B Touui S = 0. BignosigHo, nigctasnsaw4u
Bupasu (21), (24) y (25) otpumaemo:

K7(8,5,5,) = K(S,5,5,) = AK(S,s,5,),  (26)
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(,u—\/,u2 +2saz) N
\/,u2 +2s0'2(,u+\/u2+2S62)

« exp((S — 5 )L (5+5, )—“‘fmJ .@n
O O

3ajlicHioloun 0bepHeHe MepeTBOpeHHs Jlannaca
[14] gns (27), oTpUMAEMO TyCTUHY YMOBHOI MMOBIp-
HocTi ansa mogeni balwenbe 3aaaHy Ha niBoci

2
HJ(S,tsSO)zx/liz exp| _W]+
2ro’t

207t

2u (S+S, - ut)
_fH g _WO O, HD
+exp( 0-2 OJCXP( 20—2[

ol (22502
o o O'\/;

TyT 03HA4YEHO iHTerpasibHy OyHKLil0 HOPMasIbHOTO

posnoainy . )
N(z) = ﬁ Iexp(— xz)dx .

Takum uymHOM, dhopmyna (28) pdae po3B’A30K
nocTas/fieHOT 3a/adi — BU3HAYa€E TYCTUHY YMOBHOT
MMoBIpHOCTI B Moaeni baluenbe Ans gogatHUX 3Ha-
YeHb BMNAaAKOBOT 3MiHHOT.

3asHaunmo, Aewo nodibHuii MeTof 0BMeXeHHs
ONs CTOXaCTMYHOIO PIBHAHHA BMKOPUCTOBYBABCS
y [15], oe 3aMiCTb YMOBUW HY/NbOBOrO MOTOKY Ha rpa-
HULi 0BMEXEHHS BUKOpMCTOBYBasiacb ymoBsa Jipixne
Ta BiANOBIgHNIA PO3B’A30K A1 hyHKUiT MpiHa [10; 11].

3HaigeHa 'V (S, t, S,) AO3BOSSE BU3HAYNTU Xapak-
TEpPUCTMKN MoAeni i, 30Kpema, LjiHy €BPOMECbKOro
onuioHy kon. Ak Bigomo [1], uUiHY OMUIOHY MOXHa
BM3HAYUTU AK AUCKOHTOBAHE 3a 6e3pN3NKOBOI CTaB-
Koto r (y chopmyri (28) cnif, 34INCHNTY 3aMiHy u —> 1)
cepefHe 3HaYeHHs NNATKHOT PYHKLT

C/(T)= exp(—rT)jnJ(S, T,8,)(S—K)"dS. (29)

AK(S,s,8,) =

(28)

TyT no3HayeHa nnatikHa gyHKuis
N {(S—K), S>K,;
(S-K) =
0, S<K, (30)
ge K — crpaiik uiHa, T — TepMiH 4O BWKOHAHHS
OML,iOHY.

MigctaBnsoun po3s’s3ok (28) y copmyny (29) B
pesynerati iHTerpyBaHHA A0 mogeni balwenbe Ha
niBoci oTpnumaemo oopmMyny ANs LiHW ONUiOHY:

C7(T) = C,(T) + AC(T),

A [T (S, — K +rT)? S,—K+rT
C,(D=e T[ ganp[l)zT]+(S° _K+rT)N(OT)]’
2 —
AC(T) = ‘Lef"f[exp(, 2’*30 j{l _ N(M)] _
2r o To

— exp(zor_—f)[l — N(is“ t/[;;— rrjﬂ. (3 1)
Tyt uepe3 C,(T) no3HayeHa Bigoma dopmyna

Bawenbe gna eBponeiicbkoro onuioHy kon [1], aoaa-
HOK AC(T) 3ymoB/eHWIA 06MEXeHHAM mogeni batue-
Nbe Ha nieBicb. MoXHa nokasatu, wo AC(T) > 0,
TOOTO UiHa onuioHy 3pocTtae. Cepep ocobnnBocTeEl
AofaHky AC(T) BUAIIMMO 10r0 3aeXHICTb Bifg LiHK
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S, TakoxX y Bunagky K = S,, B TOil Yac sk gns ctaH-
paptHoi mogeni bawense Cy(T) Taka 3a/1eXHICTb Bif-
CYTHS.

BUCHOBKM 3 nNpoOBeAEHOro AOCHiMKEHHS.
B pgaHiii po6oTi po3rnsHyTO cnoci6  nobyaosBu
PO3B’A3KIB CTOXaCTUYHUX (PIHAHCOBUX MOAenen, Lo
3a/10BOMbHATE MEBHUM FPaHWyYHUM ymMoBam. [ns
LLbOr0 BMKOPUCTOBYETLCS PO3B’A3KM PIBHSAHHA DOK-
Kepa-MnaHka AN TYCTUHW YMOBHOI WMOBIPHOCTI.
BBefeHHA obmMexeHb AN BUNadKoBOI 3MiHHOI €KBi-
Ba/IEHTHE MNOOYy[O0BI PO3B'A3KIB 3 HY/IbOBUM MOTO-
KOM MMOBIPHOCTI Ha rpaHuusax obmexeHb. [oLwyk
3a3Ha4YeHNX PO3B’'A3KIB 3PYy4YHO 3BECTU A0 MOLUYKY
pO3B’A3KIB, L0 3aJ0BOMbHATL yMOBaM HelimaHa Ha
rpaHuMusax obnacTi. Y cBOKW 4epry nofibHa 3agada
BMBYAETbCA Y MaremaTuuHii pisuui — nobyaosa
QoyHKLUil MpiHa piBHAHHSA LUpeaiHrepa, Lo 3a40B0/b-
HAOTb YMOBI HeilmaHa. 3acTtocyBaHHA 3a3Ha4eHuX
METOAiB A03B0/ISIE PO3PO6UTM €DEKTUBHUIA aNIfTOPUTM
ANs Nobya0BK PO3B’A3KIB CTOXACTUUYHUX PIBHSAHb A5
3a4aHnX rpaHNYHNX YMOB.

3anponoHoBaHWi cnocib 3acTocoBaHwin 4o mogeni
Bawesnbe UiHOBOT AMHaMIKM akuiid, 4NS KO oTpmuMa-
HWIi PO3B’A30K 3a4aHNI ANa AOAATHUX 3HAYEHb LjiHO-
BOI 3MiHHOT S > 0. OTpyMaHO TakoX hopmyna LiHN
ONUioHy AN 3 ypaxyBaHHAM OOMeXeHHA B Mogeni
Bawwenbe. binbll geTanbHWiA aHani3 oTpumaHoi gop-
MY/I1 OMLiOHY 3 BUKOPUCTAHHAM CTaTUCTUUYHUX AaHNX
6yae npeAMeToM HacTYMHUX SOCIXKEHb.
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OPTION PRICE FOR BACHELIER MODEL WITH CONSTRAINTS

A method of finding solutions of stochastic equations of financial models with given boundary conditions
was developed. Because boundary conditions are difficult to apply in case of stochastic equations, the
method is based on Fokker—Planck equation for conditional probability density. It is shown that the bound-
ary condition which limits the definition domain of a model’s variable must have a respective zero probability
flow. That's why finding a solution of conditional probability density (according to stochastic model) is done
providing that the probability flow at the boundary equals to zero. By substitution the problem is reduced to
building solution with Neumann boundary condition for which a well-known methods of mathematical phys-
ics were used.

A list of stochastic models in financial modeling is diverse. A considerable part of them are a generalization
of geometric Brownian motion model and Black-Scholes model for option pricing accordingly. An important
direction of stochastic modeling is related to interest rates, time based profitability structure. Many of men-
tioned models have same drawbacks that the Bachelier models, mainly that the stochastic variable can have
negative values, which doesn’t comply with the economical meaning of the financial indicator.
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Proposed method gives an ability to build solutions with constraint at the bound of unacceptable values of
the variable. As a result the variable can have values only from allowed domain of values. Also one can build
new solutions for stochastic financial models, which are conditioned with certain external constraints. Introduc-
tion of boundary conditions in modeling of price dynamics of assets will also influence estimates of derivative
financial instruments.

Developed algorithm is demonstrated on the example of Bachelier model for assets price. For Bachelier
model of assets price dynamics a solution was obtained for conditional probability density which is defined
only for positive values of price variable. Based on conditional probability density, a formula of option call
price was calculated. The stated formula of option price contains two terms, one of them is a known Bachelier
result C,(T), the other AC(T) is due to the Bachelier model was constraint to semiaxis. It was shown that the
additional term is greater than zero AC(T) > 0, meaning that option price is increasing. Among the features
of additional term one can outline its dependency from assets price S,, even in case of K = S, (strike price
of assets equals to the initial assets price), which is not a characteristic of a standard Bachelier C,(T) model.
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