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[OUEHT Kadyeapy EKOHOMIKO-
MaTemMaTuyHOro MoAeNtoBaHHS
UepHiBeLbKWil HaUioHa/IbHWIA yHIBEpCUTET
imeHi HOpis dPeabkoBUya

MaxaHeub J1.J1.

K.€.H., AOLEHT kadeapu eKOHOMIKO-
MaTemMaTUyHOro MOAEsoBaHHS
UepHiBeLbknii HalioHa/IbHUIA yHIBEpCUTET
iMmeHi HOpis deabkoBUYa

3arpornoHoBaHo Mode/lb OfMMUMa/IbHO20 PO3-
BUMKY y3a2a/lbHeHOI OUHaMIYHOI MikaasTy3es80i
EKOHOMIKU ¢hoHHelMaHIBCbK020 mury ma npo-
BEOEHO i 0OC/IIOXEHHS.. BBEOEHO OBMEXEHHS!
Ha iHBecmyBaHHsI: 2a/ly3b abo Oeki/ibka 2asy3ell
He iHBeCcmytomb iHWI 2asysi Ha PisHI BEAUKUX
KOHUepHiB abo 06'e0HaHb depxas. CchopMy/ibo-
BaHO MpUMyWeHHs1 A1 Mo6yoosU E€KOHOMIKO-
Mamemamuy4HoOi Modesli onmUMasIbHO20 Kepy-
BaHHs, B SKill KepyBaHHSIMU BUCMYMNaMb
HeBUPOBHUYE CrIOXKUBaHHSI, BasIo8i iHBECMUUj,
3ampamu XUsOi npayj, a ¢basosorw Mpaek-
mopieto — kanimas. 151 0oc/ioxeHHs1 Mooesi
6e3 obMexeHb Ha KiHUesul cmaH Karimasy
BUKOpUCMaHO docmamHi yMosU OnMmuMasib-
Hocmi. CchopmoBaHO 3adady OryK/1020 FIpo-
2pamysaHHsl, sika 6e3 ypaxysaHHsI 0OMEeXeHb
Ha KiHyesuli cmaH Karnimasy Mae po3s’si3oK 3a
meopemoro KyHa-Takkepa. [TokasaHo, wo mio
yac ypaxysaHHsi 0bMexeHb Ha KiHyesul cmaH
Kanimasy 3ada4a OryK/1020 npospamyBaHHsI
MOXe He Mamu po3s’ssky. Le o3Hadae, Wo KiH-
yesi cmaHu Karimasiig € HEOCSXKHUMU. Y Ybomy
pasi mpeba nocs1abumu ymMoBsU Ha BXiOHY iHghop-
Mayjiro obyoosaHoi Mooeii.

KntouoBi cnoBa: Modesib onmumMasibHo20 po3-
BUMKY, y3aca/lbHeHa OUHaMiyHa Mixeaasly3esa
eKoHoMIKa ¢hoHHelMaHIBCbKo20 murly, 3adaya
OnyK/1020 NpozpamysaHHsl, ONMUMasIbHe Kepy-
BaHHsI, OMMUMa/TbHUU MPOYEC.

MpednoxeHa Mode/b ONMUMA/TbHO20 Passu-
musi 0606wWeHHol duHamuyeckol Mexompac-

n1esoll IKOHOMUKU (hOHHEUIMaHOBCK020 murna
U rposedeHo ee uccedosaHue. BseedeHbl
02paHUYeHUs1 Ha UHBECMUPOBaHUe: ompac/lb
U/lU HECKO/IbKO ompacsiell He UHBeCmupytom
dpyaue ompac/iu Ha yposHe KpyrnHbIX KOHYep-
HoB8 uu 06beduHeHull 2ocydapcms. Cchop-
My/IUpOBaHbI  MPEONO/IOKeHUs1 0711 MOCMpPO-
€HUSI 3KOHOMUKO-Mamemamu4eckol Modesnu
ofMUMas/ibHo20  yrpasnieHusi, 8 Komopol
yrpag/ieHusIMU  BbICMyralom  Herpou3800-
CMBEHHoe rnompebsieHue, BasloBble UHBECMU-
yuu, 3ampamsl Xuso2o mpyda, a c¢haszosoli
mpaekmopueli — karumarn. s ucciedosaHusi
Mo0e/1u 6e3 oepaHu4eHul Ha Kkarumarsi ucrosib-
308aHbI 00CMamoYHble yC/108Usl onMuMasib-
Hocmu. CchopmynuposaHa 3adada BblryK/1020
rpozpaMmuposaHusi, Komopasi 6e3 ydema
OzpaHu4eHull Ha Karnumasa uMeem pelueHue
no meopeme KyHa-Takkepa. [lokasaHoO, 4mo
fpu yyeme oz2paHuyeHul Ha Karnumas 3adaya
BbIMYK/1020 MPO2PaMMUPOBAHUST MOXem He
umMemsb passasKu. Mo o3Ha4yaem, Ymo KOHeY-
Hble COCMOSIHUSI Karumasios si8/1stomcsl He06b-
SIMHbIMU. B amom cnydae Hado ocnabumb
YC/108USI HA BXOOHYH0 UHGhOPMayUIo MOCMPOEH-
Holl Moderu.

KnioueBble cnoBa: mooesib OMMUM&/TbHO20
passumusi, 0606WeHHas1 QUHaMUYECKas MEXo-
mpacriesasi 3KOHOMUKA (DOHHEUMaHOBCKO20
muna, 3ada4a BbiryK/1020 NPo2paMMUpPOBaHUS,
onmuMasibHoe  ynpas/ieHue,  onmuMasibHbIl
rpoyecc.

It must be taken into account that the costs are incurred in the initial period of activity and the production can be obtained only after the end of the activity.
So the matrix of the coefficients of cost and output factors must be separated from each other. Considering the possible production of all benefits, the model
takes the form of von Neumann's model. A model for the optimal development of a generalized dynamic interdisciplinary von Neumann type economy is
proposed in the paper. There are restrictions on investment in the model: an industry or several industries do not invest other industries at the level of large
concerns or associations of states. The assumptions for building an economic-mathematical model of optimal control are formulated. The task of techno-
logical choice in order to minimize the average (integral) aggregate labor costs at a certain time interval is proposed. It is indicated that the vector of a pure
product is decomposed into a vector of non-productive consumption (consumption) and a vector of gross investments. It is assumed that the level of activity
is @ macro production function of capital and living labor. It has the properties: twice continuously-differentiated, monotonically growing, concave. The law
of dynamics of movement of capital is specified. Initial capital and limitations on the final state of capital are set. Control in model consists of non-productive
consumption, gross investment, the cost of living labor, and the phase trajectory is capital. The model was explored. The sulfficient optimality conditions
were used for study the model without restrictions on capital. A convex programming problem is formulated. It does not take into account restrictions on
capital and has a solution according to the Kuhn-Tucker theorem. It is shown that when taking into account restrictions on capital, the problem of convex
programming may not be decoupled. This means that the final states of capital is immense. In this case, it is necessary to weaken the conditions on the
input information of the constructed model. If the convex programming problem has a solution, then the optimal process was obtained. This method can be
used to model the criteria under perfect competition. This method is valid for the model at sectoral investment sectors.

Key words: model of optimal development, generalized dynamic interdisciplinary von Neumann type economy, convex programming problem, optimal
control, optimal process.

MocTaHoBKa NpoGneMu. FAKWO BpaxysBaTu, LU0
3aTpaTtu 34iINCHIOITLCA B NOYaTKOBWUIA Nepioa Aisisib-
HOCTi, a NpOAYyKUiA MOXe O6yTW ofepxaHa TiNbku
nicns 3akiH4eHHs AisAbHOCTI, TO MaTpuLi KoedilieH-

TiB 3aTpar i KoedilieHTiB BUNYCKY HEOOXiAHO Biai-
NNTW OAVWH Big, 0AHOro. BBaxkatoum MoXInMBmMM BUPO6-
HULUTBO BCiX 61ar, MoAenb npuiiMae dopMy Mogeni
¢oH HelimaHa [1, c. 255-256].
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ToMy akTyaslbHUM € §K Y TEOPETUYHOMY, TakK i B
NPakTUYHOMY 3HAYEHHI OOCNiMKEHHA Moaeni onTu-
Ma/IbHOTO PO3BUTKY y3arasibHEHOI MiXXrasly3eBoi eko-
HOMIiKU (DOHHEIMaHIBCbKOTO TUMY.

AHani3 ocTaHHiX pocnipkeHb i ny6Gnikauii.
CborogHi BUAINAKTbL [Ba HanpAMU AOCNILXKEHHSA
AVHAMIYHMX CUCTEM.

[0 nepworo HanpsMy MOXHa BigHEeCTM pob6oTu
P. rabacosa, B. puropkisa [2; 3] Ta iH., B AKUX HEO6-
XigHi YMOBW ONTUMasIbHOCTI BUKOPUCTOBYIOTLCSA A1
OOCNIMKEHHA OMNTUMANIBHUX  AUHAMIYHUX CUCTEM
(NpuHLMN MOHTPAriHA).

[pyruii Hanpsm 6a3yeTbca Ha pobotax B. Kpo-
ToBa, b. Marowi, C. /lobaHoBa [4; 5] Ta iH., B AKUX
BMKOPUCTOBYIOTLCA [AOCTaTHIi YMOBW ONTUMasIbHOCTI
ANA [OCAIMKEHHS ONTUMa/IbHUX OUHAMIYHUX CUCTEM
i3 MrasnyseBumMmn 6anaHcamu.

Y paHin poboTi AN AOCNILKEHHS Mogeni cTatny-
HOr0 ONTMMAa/IbHOrO PO3BUTKY Yy3araslbHEHO! Mixra-
Ny3eBOi €KOHOMIKN (POHHENMAaHIBCbKOro TuUMy BWKO-
pyCTOBYyBaNnCA AOCTaTHI yMOBY onTUManbHocTI. Mpu
LbOMY BifICYyTHE rafly3eBe iHBECTYBaHHS rasyseii.

MocTtaHoBKa 3aBAaHHA. MeTa cTarTi — 3anpo-
MOHyBaTW MOAE/b ONTUMa/ILHOTO PO3BUTKY Y3araib-
HEHOI AWHaMIYHOT Mixrasly3eBoi €eKOHOMiK/ (POH-
HeliMaHIBCbKOro TUMy Ta NPOBECTU i AOC/IAXEHHS,
BpaxoBytoue Te, WO rasy3b abo Aekifibka ranysei He
iHBECTYIOTb iHLUI rasy3i Ha PiBHI BEIMKUX KOHLEPHIB
abo 06’egHaHb Aepxas.

Buknag ocHOBHOro matepiany AocCnigKeHHs.

EKoHOMIKO-MamemMamuyHa MoOe/lb

CdhopmyoemMo NpuNyLEHHST ANnsi NobyaoBM eKo-
HOMIKO-MaTeMaTUYHOI Moaerni.

MpunyweHHs 1. Matpuus KoediuieHTie 3aTpar A
Ta MaTpuusa koeqilieHTiB BUMYCKY B MatoTb BUMAL:

eanysb 1 easnysb 2 2a/nysb m
al)..ali™ all)..al® ... . .akm
A aly..al™ al). ai® ..o Q) glm
al al® gl gt . gt glvim)
eanysbl  e2asysb 2 2anysb m
v(1 v(2 v(m
bl bl pl) pe) b o)
P O AR AL
bl ...p) bf,:;...bgjf)) o )

fe KoeqiljieHTn a ) >0 BigHOCATLCA [0 OAMHNL
PiBHA AISNBHOCTI: KI}'IbKICTb pecypcy i HeobXifgHiCTb
4NS BUPOOHULTBA OAMHULI NPOAYKLT BUAY j 3a Tex-
Honorieto k, b/) >0 — sanac i-ro 6nara gns euro-
TOBJ/IEHHSA NPOAYKTY j Ha OAMHWLIIO PIBHA AiANBHOCTI
npouecy BUPOOHMUYOT TEXHONOTIT K .

Akwo Y =(Y,,...Y,) (' — onepauis TpaHcro-

HYBaHHS MaTpulb) — BEKTOP YMCTOTO MPOAYKTY,

X = (X XX, X)X X
BEKTOP PiBHS AINIbHOCTI, TO A/151 BUTOTOB/IEHHS YNCTOT
NpPOAyKUii B 06cA3I Y AiSANbHOCTI 34iACHIETLCA Ha
piBHI X i, BignNoBigHO, NpOTAroM BUPOGHMYOro nepi-
opy 3anac 6nar a3meHwyeTbcs Ha AX . MpogykT BX ,
BMKOPUCTaHHA SIKOTO CTae MOXMBUM Y KiHLi nepioay,
KOMMNeHcye 3aTtpatn AX i pisHMUS MK 3arasibHUM
NPOAYKTOM i 3aTpaTtaMu CTaHOBUTb UYACTUA MPOAYKT
Y . Togi 3agaya TEXHOMOrYHOro BMOOPY 3 METOH
MiHiMi3aLiT cepefHix (IHTerpanbHUX) CYKYMnHUX 3aTpar
npaLji Ha 4acoBOMY BiApi3Ky [to, T] npuinmae BUrNAA;:

BX(t)-AX(t)=Y(t),
X(t)=0,
T
[ax(t)dt — min
a60 B MOKOMMOHEHTHIW chopmi 3anucy:
153 anx
t i=1 j=1
pe dY - koediujeHt 3atpar mBoi
j:1,v(i), i=1,m.
lMpunyweHHs 2. BEKTOp YACTOro NpoaykTy Y pos-
najacTbCA Ha BEKTOP HEBUPOOHMYOIO CMNOXMBAHHSA

(cnoxmBaHHa) C Ta BEKTOpP BaoBUX iHBECTMUIA |
[6, c. 28-29]

dt —min, Q)

npaw,,

Y, ()=C,(t)+1(t), te[t, T], i=L,m. (2)
“O) T m

MpunyuweHHs 3. PiBeHb AisSNbHOCTI X =1lm
€ MakKpoBMPOGHMYOK (OyHKLED KaniTany K.V(’))

i 1

i=1,m Ta wuBoi npaui L( ) ,i=1,m:
xW0) _ v )( K0 (

i

") @)
i3 BNaCTUBOCTSIMU: ABiMi HenepepBHo—,qmobepeHui—
oBaHa, MOHOTOHHO 3pocTaroya, BrHyTa [6, c. 6-14].
MpunyweHHs 4. AnHamika pyxy Kanitany Bigodysa-
€TbCS 3riAHO 3 TaKNM 3aKOHOM:

R (0= (0)+1,0).
te [to, T] _m (4)
ae K( /dt

lMpunyweHHs1 5. 3ap,a}0TbCF| no4yaTkoBWUA CTaH
Kanitasny:

K (t,)=KY, j=1,v(i), i=1m (5)
Ta 0OMEXEeHHS Ha KiHLEeBWUA CTaH Kanitasy:
KN(T)2KY, j=1v(i), i=1m. (6)

EkoHOMiKO-MaTeMaTnyHa mMofenb OnTUMasibHOro
PO3BUTKY Yy3arasibHEHOT MiXrasly3eBoi eKOHOMIKU
(poHHENMaHIBCLKOro Tuny HabyBae BUINsAay:

[22> dVED (KD (1), L7 (t))dt — min,
to

le(bl(j/) - a,-(,-') )Fj(’) (K](_:) (t), ,_(j/) (t)) >C +1,,
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K0) (t)= _ul_(v(f))K_(V(f)) (t)+1,(t), te[t, T],

K (to) = K:(é) '

KO(T)2KY, j=1v(i), i=Lm. (7

Mogenb (7) y matemaTM4yHOMY MNnaHi € 3aja4vero
ONTUMA/IbHOTO KEPYBaHHS,, B SKiA KepyBaHHSAMM
BMUCTYNalTb HEBMPOOHUYE CMOXMBAHHA (CMOXW-
BaHHA) C,.(/), BaU10Bi iHBeCTUL,i I,.(j), 3aTpatu Xunsoi
npaui LV, j=1, v(i), i= 1, m, a ha30BOK TPAEKTO-
pieto — kanitan K, j=1,v(i), i=1,m.

ZlocrioxxeHHs MamemMamu4HoI Mooesii

Ona  pocnigpkeHHa wmogeni (7) 6e3 o6mexeHb
(HepiBHOCTEI) BMKOPUCTAEMO AOCTaTHI yMOBU ONTU-
MaUsibHOCTI [6, €. 15], 3a akummn Tpeba onTumisyBaTu
ABi PYHKLiT 6araTb0X 3MiHHUX:

)+IJ

R(t,K,C,1,L,V)=0aV/ot + ZZav/aK -

i=1 j=1 (8)
+iv(/)d1 ( KW L(; )_) max
i=1 j=1 F Kf”,l,,c,,Lﬁ”,
V(T,K(T))—> Klmr(rl;Zan , 9)

be V(t,K) — HeBigoma dyHKUiA ABiYi Hene-
pepBHO-AucepeHLiioBaHa Ha AeKapToBOMY A06YTKY
mv(i)
[t TIx({K" 20}, K =(Ki“,...,Kﬁ”(”),...,Kﬁi),...,Kﬁ,”(m”).
i=1 j=1
LLykaHy doyHKUilO V' MOXHa nogatun y BUrNsA4;:
m v(i)
MU
i=1 j=1
3ayBaXknmo, L0 3HaK «—» Yy (10) B3ATWIA AN Toro,
wob6 ontumizauiiHa 3agada (9) mana 6 po3B’A30K
K(T)=KY, j=1v(i), i=1,m.
MigctaBumo (10) y (8) Ta A0 OTpPUMAHOrO CniB-
BiHOLIEHHA AonuemMo obmexeHHsa wmogeni (7).
Y pesynsrarti o4epXnmo:

,telt, T]. (10)

_;;[ +I]+Z]Zd’F,’)(K,(’ V) > ) max ,
v(i)
> ,Zjll ( b;’) _ ag.’)) F,-“) ( K;q ,_(j/)) >C +1,
K(])( o):K:(tl))v
KN(T)=KY, j=1,v(i),i=1,m. (11

OTpumanu 3agady onykioro nporpamMyBaHHs (11),
sika 63 ypaxysaHHs obmexerb KV (T)> KY) sa teo-
pemoto KyHa-Takkepa Mae po3B’a3ok [7, ¢. 195-199].

3a  BpaxysaHHa obmexers K (T)>KY,
j=1v(i), i=1,m 3apaua onyknoro nporpamy-
BaHHA MOXe He MaTu po3B’a3ky. Lle o3Havae, Lo KiH-
uesi cranm kanitanis K, j=1,v(i), i=1,m e Heo-
CXXHUMW. Y UbOMYy pasi Tpeba nocnabutn ymosu Ha
BXigHY iHdhopmavito mogeni (7).
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Hexali 3agadya OMyknoro nporpamyBaHHs Mae
PO3B'A30K: /oy () — ONTUMAasbHE KepyBaHHs 3a Baso-
BUMM iHBecTuUiaMu, C.,(t) — onTumanbHe kepy-
BaHHSI 3a CMIOXWBaHHSM, L (t) — onTuMasbHe Kepy-
BaHHs 3a 3aTpaTamu xwBoi npaui t €[t,, T]. 3agauy
OMNyK/I0ro NPOrpaMyBaHHS MOXHAa PO3B’3aTW OAHUM
i3 uncroBux metogis [8].

Togj onTMMasibHe KepyBaHHSA 3a KiHLeBMM nonu-
TOM 06UYUCNIOETBLCS 3a HOPMYIIOHD:

Yion (t) = Cion( )‘H;on( ) te [to' T]'
BignosigHi onTuManbHi TpaekTopii 3a Kanitanamu
BM3HAYalTbCA 3a dpoplvlynaMM'

K,'(j)on(t) K()e () +Ie ey (y)dy,

fo

a onTMMasibHI KepyBaHHS 3a piBHEM LisiNIbHOCTI:
X0 (€)= K (K (), 5 (1)), € € [t,T],

j=Lv(i), i=Lm.

Takum YMHOM, odepXasin ONTMMasibHWIA Npouec
{Con(t) s Ton (1), Lo (t)s Xon (), You(t), Kon(t),
tet, T]} .

3aysaxeHHs. 1. BuweonncaHa MeTogyka Mae micle
ans mogeni (7) 3a KpUTEPIt0 AOCKOHAO0I KOHKYPEHLLT:

IZ[p, ,

Je p, — UuiHa npoaykuii
Y.=C+l,i=1,m.

2. BuuleonucaHa meToAvKka crnpasegnnea O1s
Mogeni (7) 3a rasly3eBoro iHBeCTyBaHHS rasly3eit, To6To
3a NofaHHA KiHLEeBOro BUNyCcKy B TakOMy BUMNSA:

t)]dt —s max,

(kKiHueBOro mnonuTy)

B Zn, =1r

C,(t),l=r+1,m,

Y, (0)=

ae v, j:1,_m, i=rr+ 1, m — koediuieHTn rany-

3€eBOr0 iHBECTYBaHHS, 27/‘/ =1 pana Bcix j=1,m,
i=1

y; =0 4nA BCiX i=r+1,m, r — KinbKiCTb (POHAOYT-

BOPIOKOUNX rany3ei, ski IHBeCTyoTb yci ranysi j =1, m;

m—r — KiNbKICTb HE(OOHAOYTBOPIOKUMX Fasly3eil.

3. 3ayBaxeHHsA 1 3a rasy3eBOro iHBeCTyBaHHSA
rasysei.

BucHOBKM 3 npoBeAeHOro AOCAifKEHHSs.
3anpornoHoBaHO MoAeslb ONTUMASIbHOTO PO3BUTKY
y3arasilbHeHOT MiKrany3eBOi €KOHOMiKM (DOHHeliMa-
HiBCbkOro Tuny. MposeaeHo i gocnimpkeHHA. Cdop-
MOBaHO 3aj a4y OMyk/Ioro nporpamyBaHHs, ska 6e3
ypaxyBaHHA OOMeXeHb Ha KiHLUEeBWil cTaH kanitany
Ma€e po3B’A30K 3a Teopemolo KyHa-Takkepa. lMoka-
3aHO0, L0 3a BpaxyBaHHS 0OMeXeHb Ha KiHLLEBUIA CTaH
Kanitasy 3afada OnyKnoro nporpaMyBaHHA MOXe He
MaTu po3B’A3ky. Lle o3Havae, WO KiHUEBI cTaHU Kani-
TasliB € HEOCSHXHMMMK. Y LibOMY pasi Tpeba nocnabutu
YMOBW Ha BXigHy iHGhopMmaLito mogeni.
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MODELING OF THE OPTIMAL DEVELOPMENT
OF A GENERALIZED DYNAMIC INTER-INDUSTRY ECONOMY VON NEUMANN TYPE

The purpose of the article. It must be taken into account that the costs are incurred in the initial period of
activity and the production can be obtained only after the end of the activity. So the matrix of the coefficients of
cost and output factors must be separated from each other. Considering the possible production of all benefits,
the model takes the form of von Neumann's model. Therefore, it is relevant both in the theoretical and practical
sense of the research of the model of optimal development of a generalized interdisciplinary von Neumann
type economy.

Methodology. The sufficient conditions for optimality were used to study the model of static optimal devel-
opment of a generalized intersectoral economy of von Neumann type in this paper. At the same time, there is
no sectoral investment of industries.

Results. A model for the optimal development of a generalized dynamic interdisciplinary von Neumann
type economy is proposed. There are restrictions on investment in the model: an industry or several industries
do not invest other industries at the level of large concerns or associations of states.

The assumptions for building an economic-mathematical model of optimal control are formulated. The task
of technological choice in order to minimize the average (integral) aggregate labor costs at a certain time inter-
val is proposed. It is indicated that the vector of a pure product is decomposed into a vector of non-productive
consumption (consumption) and a vector of gross investments. It is assumed that the level of activity is a
macro production function of capital and living labor. It has the properties: twice continuously-differentiated,
monotonically growing, concave. The law of dynamics of movement of capital is specified. Initial capital and
limitations on the final state of capital are set.

Control in model consists of non-productive consumption, gross investment, the cost of living labor, and the
phase trajectory is capital. The model was explored. The sufficient optimality conditions were used for study
the model without restrictions on capital. According to them, it is necessary to optimize two functions of many
variables.

As a result it is formulated a convex programming problem. It does not take into account restrictions on
capital and has a solution according to the Kuhn-Tucker theorem. It is shown that when taking into account
restrictions on capital, the problem of convex programming may not be decoupled. This means that the final
states of capital is immense. In this case, it is necessary to weaken the conditions on the input information
of the constructed model. If the convex programming problem has a solution, then the optimal process was
obtained.

Practical implications. This method can be used to model the criteria under perfect competition. This
method is valid for the model at sectoral investment sectors.
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